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$(s_{n})$ $s$ $p$ ,
$\lim_{narrow\infty}\frac{|s_{n+1}-s|}{|s_{n}-s|p}=C$, $(C>0)$
. , $s$ $(s_{n})$
$\lim_{narrow\infty}\frac{s_{n+1}-s}{s_{n}-s}=\lambda$
$|\lambda|\leq 1$ . $\lambda=0$ , $-1\leq\lambda<1,$ $\lambda\neq 0$
, $\lambda=1$ .
, $0$ , 1 .
, $s_{n}-s$ $narrow\infty$
, . , Riemann
$\zeta(\alpha)=\sum_{i1}^{\infty_{=}}i^{-\alpha}$ $n$ $s_{n}$ ,
$s_{n}- \zeta(\alpha)\sim\frac{1}{1-\alpha}n^{1-\alpha}+\frac{1}{2}n^{-\alpha}+\cdots$
, $(s_{n})$ \mbox{\boldmath $\zeta$}(\alpha ) $O(n^{1-\alpha})$ .
, . 1 3 $x^{2}-1=0$
$s_{0}=2$ , Newton , $(s_{1}=1.25)$ Newton
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1 . 11 4 5 .
1
$n$ 1 2 3 4 5
1125 125 125 1.5 15
21025 1.0769230769 1.1093751.25 1375
310003048780 10082644628 10516967773 1.125 13046875
410000000465 10003048780 10251802495 1.0625 12582702637
510000000000 10000012545 10124316135 1.03125 12249184991
610000000000 10000000002 10061771705 1.01562511996243335
710000000000 10000000000 10030790459 1.0078125 11796993962
810000000000 10000000000 10015371528 1.00390625 11635534597
910000000000 10000000000 10007679857 1.001953125 11501785926
10 10000000000 10000000000 10003838454 1.0009765625 11389017878
1 2 , 2 $(1+\sqrt{5})/2=1.618$ . 3 4 ,
5 $O(n^{-1})$ .
1 1 2 . 3 4 1





$s_{n+1}-s\fallingdotseq\lambda(s_{n}-s)$ , $\lambda\neq 1$
. $\lambda>1$ $(s_{n})$ . $s$ $(s_{n})$
anti-hmit(Shanks [28]) .
\mbox{\boldmath $\lambda$} , $s$ ,















( $s$ $s$ . $T:(s_{n})\vdasharrow(t_{n})$ , $(s_{n})$
$\lim_{narrow\infty}\frac{t_{n}-s}{s_{\sigma(n)}-s}=0$
. , $\sigma(n)$ $s_{1},$ $\ldots,$ $s_{\sigma(n)}$




. , Aitken $\Delta^{2}$ .
(Henrici $[17,p.73]$ ).
3 Richardson Aitken $\Delta^{2}$ 2 .
2










10 1.0003838454 0.9999997050 1.0000005895
4.
Richardson Aitken $\Delta^{2}$ , 17 18
, .
1 $n$ $T_{n}$ , $n$ $U_{n}$ .
C. Huygens , 1654 De Circuli Magnitudine Inventa Euclid
$T_{2n}+ \frac{1}{3}(T_{2n}-T_{n})<\pi<\frac{2}{3}T_{n}+\frac{1}{3}U_{n}$ (4.1)
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$\sigma_{0}^{(n)}=(s_{n})^{2}$ $n=2,3,$ $\ldots$ ,
$\sigma_{k}^{(n)}=\sigma_{k-1}^{(n+1)}+\frac{\sigma_{k-1}^{(n+1)}-\sigma_{k-1}^{(n)}}{2^{2k}-1}$ $n=2,3,$ $\ldots$ ; $k=1,2,$ $\ldots$
, 41 . ([14,PP.296-298])
$\sqrt{\sigma_{8}^{(2)}}=3.14159$ 265358979323846264338327950288419712
2 , C. Brezinski .
33
, Richardson .
HVon $N\ddot{a}$gelsbach ([1, p.305]) 190
, J.F.Saigey (Dutka[ll]) 130 .
5.
, 10 . ,
(i)
(ii)
, . . (i) ,




$= \{(s_{n})\in \mathscr{C}|s_{n}\neq\lim_{marrow\infty}s_{m}\forall n\}$ ,
LIN $=\{(s_{n})\in \mathscr{C}^{*}|\exists\lambda\neq 0,$ $-1 \leq\lambda<1,\lim_{narrow\infty}\frac{s_{n+1}-s}{s_{n}-s}=\lambda\}$ ,
LOG $= \{(s_{n})\in \mathscr{C}^{*}|\lim_{narrow\infty}\frac{s_{n+1}-s}{s_{n}-s}=1\}$ ,
LOGSF $=\{(s_{n})\in$ LOG $| \lim_{narrow\infty}\frac{s_{n+2}-s_{n+1}}{s_{n+1}-s_{n}}=1\}$ .
: $(s_{n})\mapsto(t_{n})$ . $\sigma(n)=n+k$ .
$(t_{n})$ $(s_{n})$ , $T$ $(s_{n})$ regular .
$\lim_{narrow\infty}\frac{t_{n}-s}{s_{n+k}-s}=\lambda$ , $(\lambda\neq 1)$
, $T$ $(s_{n})$ synchronous(Germain-Bonne an$d$ Kowalewski[15])
. , $\lambda=0$ , $T$ $(s_{n})$ . $T$
\mbox{\boldmath $\lambda$} , $(s_{n})$ . (Litovsky[21])
$N$ , $t_{n}=s,$ $\forall n>N$ , $T$ $(s_{n})$ exact .
: $\mathscr{S}arrow\sim$ , .
1. $T$ $\mathscr{S}$ . $T$ domain of
regularity , $\mathscr{B}_{T}$ .
2. $T$ $\mathscr{S}$ . domain
of acceleration , $\mathscr{A}_{T}$ .
34
3. $T$ $\mathscr{S}$ . $T$ kernel ,
$\mathcal{A}_{T}’$ .
4. $T$ \sim . , $\mathscr{S}$ accelerable set, $T$
universal sequence transformation .
6 , Aitken $\Delta^{2}$ (Henrici[17]) , LIN
Aitken $\Delta^{2}$ LIN .
7 Aitken $\Delta^{2}$
$T$ : $s_{n} s_{n}- \frac{(s_{n+1}-s_{n})^{2}}{s_{n+2}-2s_{n+1}+s_{n}}$
, .
$\mathscr{S}=\{(s_{n})\in \mathscr{C}^{*}|s_{n+2}-2s_{n+1}+s_{n}\neq 0, \forall n\}$
$\mathscr{B}=\{(s_{n})\in \mathscr{S}\cap \mathscr{C}^{*}|\lim_{narrow\infty}\frac{(s_{n+1}-s_{n})^{2}}{s_{n+2}-2s_{n+1}+s_{n}}=0\}$
$\mathscr{N}\mathscr{A}=_{=}\{\{(s)\in \mathscr{B}|_{n}\lim_{arrow\infty}\frac{(s_{n+2}-s_{n+1})^{2}}{(s_{n+2}-s)(s_{nn+}+.s),\mathbb{C}^{*},\lambda\neq 1,\frac{s_{n+1}-+2^{-2s_{S}}}{s_{n}-s}=^{1}\lambda\}^{n}}(s^{n_{n}})\in \mathscr{S}|\exists\lambda\in=1-\}$
, . , (gen-
eralized remanence) .
\sim 3(Delahaye and Germain-Bonne[10]) 2
.
a). $\hat{s}$ $(\hat{s}_{n})\in \mathscr{S}$ s.t. $\exists N,$ $\forall n>N$ , $\neq\hat{s}$
.
i) $\exists(s_{n}^{0})\in \mathscr{S}s.t.\lim_{narrow\infty}s_{n}^{0}=\hat{s}_{0}$
ii) $\forall m_{0},$ $\exists p_{0}\geq m_{0}$ $\exists(s_{n}^{1})\in \mathscr{S}$ s.t. $\lim_{narrow\infty}s_{n}^{1}=\hat{s}_{1},$ $\forall m\leq p_{0},$ $\cdot s_{m}^{1}=s_{m}^{0}$
iii) $\forall m_{1}>p_{0},$ $\exists p_{1}\geq m_{1},$ $\exists(s_{n}^{2})\in \mathscr{S}$ s.t. $\lim_{narrow\infty}s_{n}^{2}=\hat{s}_{2}$
$\forall m\leq p_{1},$ $s_{m}^{2}=s_{m}^{1}$
iv). . .
b). $(s_{0}^{0}, \ldots, s_{p_{0}}^{0}, s_{po+1}^{1}, \ldots, s_{p_{1}}^{1}, s_{p_{1}+1}^{2}, \ldots, s_{p_{2}}^{2}, s_{p_{2}+1}^{3}, \ldots)\in \mathscr{S}$.
, .
1(Delahaye an$d$ Germain-Bo$nne[10]$ )
\sim , \sim
. (i.e. $\mathscr{S}$ )
3 . b) $\mathscr{J}$ . remanence .
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2(Delahaye and Germain-Bonne[9])
$E$ , $\mathscr{C}^{*}$ $E$
$\mathscr{C}^{*}=$ { $(s_{n})|s_{n}\in E,$ $s_{n}\neq s$ for $\forall n\in N$ }
. C* , E” . , E’
$E$ $E”=$ (Et)’ .
3 (Delahaye an$d$ Germain-Bonne[9])
. ( $i.e$ . LOG )
4 (Delahaye and Germain-Bonne[10])
LOGSF .
4 , , .
(i) LOGSF , . (Delahaye and Germain-
Bo$nne[10]$ )
(ii)








$t_{n} \sim s+\sum d_{j}h_{j}(n)$
$j=1$
.






. , $c_{j}$ , $gJ(n)$ $n$ .
$s,$ $c_{1},$ $\ldots,$ $c_{k}$ 1
$\{\begin{array}{l}s_{n}=s+c_{1}g_{1}(n)+\cdots+c_{k}g_{k}(n)s_{n+1}=s+c_{l}g_{1}(n+1)+\cdots+c_{k}g_{k}(n+1)\ldots s_{n+k}=s+c_{1}g_{1}(n+k)+\cdots+c_{k}g_{k}(n+k)\end{array}$
Cramer $s$ $T_{k}^{(n)}$ ,
$T_{k}^{(n)}= \frac{|_{g_{k}^{1}(n)g_{k}^{1}(n+1)g_{k}^{1}(n+k)}^{s_{n}s_{n+1}\cdot.\cdot\cdot.\cdot\cdot.s_{n+k}}g(n)g(n+1).\cdot.\cdot.\cdot\cdot.\cdot.g(n+k)|}{|_{g_{k}^{1}(n)g_{k}^{1}(n+1)g_{k}^{1}(n+k)}^{1}g(n)g(n^{1}+1).\cdot\cdot.\cdot\cdot g(n^{1}+k)|}$
. $T$ : $(s_{n})-\rangle$ $(T_{k}^{(n)})$ $(s_{n})$ .
.
(i) Aitken $\Delta^{2}$ : $k=1,$ $g_{1}(n)=\triangle s_{n}$ .
(ii) Richardson : $gJ(n)=(4^{-j})^{n}=(4^{-n})^{j}$ .
(iii) Shanks $e$- [28] : $gJ(n)=\triangle s_{n+!-1}$ .
(iv) Levin $u$- [19] : $gJ(n)=n^{1-j}\triangle s_{n-1}$ .
(v) Levin an$dSidi[20]d^{(m)}$ - : $g_{pm+q}(n)=n^{q-p}\triangle^{q}s_{n-q}$ .
,
. 1975 C. Schneider[27], 1979 T. $H\mathring{a}vie[16]$ ,
1980 C. Brezinski[4] .
2 $E_{k}^{(n)}$ 3 $g_{k,j}^{(n)}$ .
$E_{0}^{(n)}=s_{n}$ , $n=0,1,$ $\ldots$ ,
$g_{0}^{(n_{i})}=g_{i}(n)$ , $n=0,1,$ $\ldots$ ; $i=1,2,$ $\ldots$
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$g_{k}^{(n_{i})}=g_{k-1,\dot{\iota}}^{(n)}- \frac{g_{k-1,i}-g_{k-1,i}}{(n+1)(n)}$ . $g_{k-1,k}^{(n)}$ , $i=k+1,$ $k+2,$ $\ldots$
$g_{k-1,k}-g_{k-1,k}$
, $E_{k}^{(n)}=T_{k}^{(n)}$ . Brezinski[80] , E- .





$(x^{n})$ x*# $p$ ,
$\lim_{narrow\infty}\frac{\Vert x^{n+1}-x^{*}\Vert_{\infty}}{\Vert x^{n}-x^{*}\Vert_{\infty}^{p}}=C$ , $(C>0)$
. , $\Vert x\Vert_{\infty}$ . , 1
$\lim_{narrow\infty}\frac{\Vert x^{n+1}-x^{*}\Vert_{\infty}}{\Vert x^{n}-x^{*}||_{\infty}}=\lambda$
, $0<\lambda<1$ , $\lambda=1$ sublinear conver-
gence(Ortega an$d$ Rheinboldt[24,p.286]) .
$x^{*}$ $(x^{n})$
$\lim_{narrow\infty}\frac{\langle x^{n+1}-x^{*}\rangle}{\langle x^{n}-x^{*}\rangle}=1$
. , $\langle x\rangle$ , $x=(x_{1}, \ldots, x_{N})\in \mathbb{C}^{N}$
. , \langle $x$ } $=x_{i}$ ,
(i) $|x_{i}|= \max\{|x_{1}|, \ldots, |x_{N}|\}=\Vert x\Vert_{\infty}$











$P(x)= \sum_{i=0}^{k}c_{i}x^{\dot{\iota}}$ , $c_{k}=1$ , $P(A)(s^{1}-s^{0})=0$
. $\Delta s^{i}=s^{i+1}-s^{i}$ ,
$c_{0}\Delta s^{0}+\cdots+c_{k-1}\Delta s^{k-1}+\Delta s^{k}=0$ (6.2)
. (6.2) $c_{0},$ $\ldots,$ $c_{k-1}$ , $s^{n}$ $s$ ,
$s=( \sum_{i=0}^{k}c_{i}s^{n+i})/\sum_{i=0}^{k}c_{i}$ , $c_{k}=1$
. (Smith, Ford and Sidi[30])
$(s^{n})$ , (6.1) , (6.2)
$\Vert c_{0}\Delta s^{0}+\cdot.$ . $+c_{k-1}\Delta s^{k-1}+\Delta s^{k}\Vert_{2}$ (6.3)







. , $u_{i,j}=(\Delta s^{i}, \Delta s^{j})($ $)$ .
Cramer , (6.4) ,
$s_{n,k}=\ovalbox{\tt\small REJECT}|_{u_{n+^{n,n}}u_{n+}^{n+k-1},u_{n+k-1}’}^{1^{n_{n}}1^{n+_{1}^{1}}\cdots 1^{n+_{k1^{1}}^{k_{n^{k}+k}}}}|u^{s_{k-1,n}}u^{s_{k-1}^{n+_{+_{n^{1}+1}^{n+1}}}},.\cdot\cdot.\cdot\cdot.\cdot\cdot u^{s_{k-1}^{n+_{+^{n+k}}}}u_{n},u_{n,n}^{n}.\cdot..\cdot..\cdot.u_{n,n}^{n}$
. $T$ : $(s^{n})\mapsto(s_{n,k})$ (MPE) . MPE ,
Cabay an$d$ Jackson[7] 1976 , 1980 Skelboe[29] .
MPE , Brezinski[3] 1975 (MMPE), 1977







, . $K$ , $E$ $K$
. $f$ : $E\cross Earrow K$ , , 3
$f(x+y, z)=f(x, z)+f(y, z)$ ,
$f(\alpha x, y)=\alpha f(x, y)$ , $\alpha\in K$




, $f$ : $E\cross Earrow K$ . , $\overline{\alpha}$ \alpha $\in \mathbb{C}$
. $f$ ,
$f(x, x)\geq 0$ , $\forall x\in E$
$f(x, x)=0$ $x=0$
.
. , $y$ } ,
$(x, y)$ .
$E$ $(\cdot, \cdot)$ , $x\in E(x\neq 0)$
$x^{-1}= \frac{\overline{x}}{(x,x)}=\frac{\overline{x}}{\Vert x\Vert^{2}}$
.
$E=\mathbb{R}^{N}$ $E=\mathbb{C}^{N}$ , $x=(x_{1}, \ldots, x_{N})$ $y=(y_{1}, \ldots , y_{N})$ ,
$\langle x, y\rangle=$ $x_{i}y_{i}$
$i=1$
$(x, y)= \sum x_{i}\overline{y_{i}}N$
$i=1$
.
\epsilon , . 1955 D. Shanks[28]
$e$ . 1956 P. Wynn[31] $e$
, \epsilon : $(s_{n})$
$\epsilon_{-1}^{(n)}=0$ , $\epsilon_{0}^{(n)}=s_{n}$ , $n=0,1,$ . . . ,
$\epsilon_{k+}^{(n)_{1}}=\epsilon_{k-1}^{(n+1)}+\frac{1}{\epsilon_{k}^{(n+1)}-\epsilon_{k}^{(n)}}$
$k,$ $n=0,1,$ $\ldots$ .
P. $Wynn[33]$ 1962 \epsilon .
\epsilon (VEA) : $(s^{n})$
$\epsilon_{-1}^{(n)}=0$ , $\epsilon_{0}^{(n)}=s^{n}$ , $n=0,1,$ . . . ,
$\epsilon_{k+}^{(n)_{1}}=\epsilon_{k-1}^{(n+1)}+\frac{\overline{\epsilon_{k}^{(n+1)}-\epsilon_{k}^{(n)}}}{(\epsilon_{k}^{(n+1)}-\epsilon_{k}^{(n)},\epsilon_{k}^{(n+1)}-\epsilon_{k}^{(n)})}$ $k,$ $n=0,1,$ $\ldots$ .
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1975 C. Brezinski[3] , \epsilon ,
\epsilon 5 : $(s^{n})$
$\epsilon_{-1}^{(n)}=0$ , $\epsilon_{0}^{(n)}=s^{n}$ , $n=0,1,$ . . . ,
$\epsilon_{2k+1}^{(n)}=\epsilon_{2k-1}^{(n+1)}+\frac{y}{\langle y,\epsilon_{2k}^{(n+1)}-\epsilon_{2k}^{(n)}\rangle}$
$k,$ $n=0,1,$ $\ldots$ ,
$(n+1)$ $(n)$
$\epsilon_{2k+2}^{(n)}=\epsilon_{2k}^{(n+1)}+\frac{\epsilon_{2k}-\epsilon_{2k}}{\{\epsilon_{2k+1}^{(n+1)}-\epsilon_{2k+1}^{(n)},\epsilon_{2k}^{(n+1)}-\epsilon_{2k}^{(n)}\}}$
$k,$ $n=0,1,$ $\ldots$ .
, $y$ .
\epsilon , Lubkin[22] $W$ , Brezin-
$ski[2]$ \mbox{\boldmath $\theta$} , Wy$nn[32]$ \mbox{\boldmath $\rho$} . 3
. VEA $Wynn[33]$ , TEA GHT Brezinski[3], VWT, EWT, VTH,




3 . Aitken $\Delta^{2}$
Henrici[17] ([6, pp.250-252]
), Levin Osada[26] $\langle x\rangle$ .
, , W
Levin $u$ ,
\langle . [25][26] .
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